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The simplest mathematical mode l  is considered for explaining the mechanism of the kinetics 
of ion exchange by eationites. The effect of pulsed motion of the liquid on the rate of ex- 
change is investigated. 

The purpose of this investigation is to construct an approximate mathematical model of the ion ex- 
change process and its experimental verification. It was established earlier [1-3] that the rate of exchange 
is determined by the diffusion of ions within the bounds of particles of the exchanger and beyond these 
bounds. The absorbed ions, having reached the interior of the exchanger grains are distributed between 
two phases. Part of the ions fill the pore spaces forming a solution of concentration C 2 and the other part 
Ca is concentrated on the surface of the pores. The appearance of concentration gradients leads to migra- 
tion of the ions both in solution and at the inside surfaces~ In accordance with this, two fields of concen- 
tration are formed which interact with one another because of exchange with ions. 

The mathematical model which describes each of these fields must include the concept of sinks and 
sources of the substance. Thus, the concentration field C 2 is changing not only because of the diffusion of 
ions but also because of drainage of the substance to the surface. There is a relation between the concen- 
trations C 2 and C a which is determined by an equilibrium curve (Fig, 1). The differential equations for the 
transfer of ions within the exchanger grains have the form 

m - & 2  == - -  div]~ - -  ~ e a ,  
8t 

Oga (2) m . . . . . . . . .  div ]a - -  Wac. 
Ot 

C o m b i n i n g  Eq.  (1) and (2) and t a k i n g  into accoun t  tha t  Wac = - W c a ,  we ob ta in  

nz 8 (Q -~- G) := _ div (/o -t- ].). (3) 
Ot 

The  f low d e n s i t i e s  of the s u b s t a n c e  a r e  p r o p o r t i o n a l  to the c o n c e n t r a t i o n  g r a d i e n t s  in c o r r e s p o n d i n g  
p h a s e s :  

]~ = - DI~ grad Q, (4) 
], = - -  Dla grad G. (5) 

Subs t i t u t i on  of Eq.  (4) and (5) in Eq.  (1) and (2) l e a d s  to the equa t ion  

__O (~Q -{- Ca-----_)_. = DeV"-C2 + DaV=Ca. (6) 
Ol 

The  i n i t i a l  and b o u n d a r y  cond i t i ons  m u s t  be a d d e d  to th is  equa t ion .  At the i n s t a n t  t = 0 the r e q u i r e d  
c o n c e n t r a t i o n s  C 2 and C a a r e  c o n s t a n t  o r  equa l  to 0, 

c~(x, y, z, O)=co; c~(x, g, z, O)=c~o. (7) 
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Fig. 1. Equi l ibr ium curves  on cationite KU-2 at 298~ 1) 
for  po tass ium ions; 2) for  m e r c u r y  ions,  Ca, g" equ iv . /g ;  
%, g .  e q u i v . / l i t r e .  

Fig.  2. D iagram of expe r imen ta l  apparatus:  1) column; 2) 
r ings;  3) " shor t "  l a y e r  of cationite;  4) the rmos ta t ;  5) inlet  
tube; 6) r ece ive r ;  7) d iaphragm pulsa tor .  

We now establish the boundary conditions. The total flow of ions reaching the outer surface of a grain 
of exchanger by the external diffusion mechanism is divided into two flows, in the solution and at the pore 
walls respectively. Consequently the boundary conditions can be written in the form 

Oco I ( Oco 

The solution of Eq. (6) with conditions (7) and (8) p r e sen t s  specif ic  difficult ies in view of the nonl inear  
re la t ion  between the quanti t ies  C 2 and Ca (equil ibrium eurve) .  A cons iderable  s impl i f icat ion is achieved for  
a l inear  approximat ion of the equi l ibr ium curve  

ca = Pc2 + A1 

The use of the r e su l t  of Eq. (9) leads to the well-known sys t em 

i dc 2 _ D*V~Co, 
0t 

t Q (x, g, z, 0)--Co, 

where 

(9) 

and 

(10) 

D* = Dr + F D ~  , (11) 
l + P  

D~ :~ Dj~ + rDla.  (12) 

The solution of this s y s t e m  for  spher ica l  exchanger  pa r t i c l e s  under conditions when C I = Cn = const 
and C O = 0 gives the result 

In this equation 

II==l 

6 Bi .2 (14) 
B , , =  ~n(~tn_} - --Bi*) 2 2 Bi,'2 
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Fig. 3. Kinetic curves of the ion exchange of Hg ++ by cationite 
KU-2 [a) relation q/q0 = f(t); b) relation (I-q/q0) = f(t) in semi- 
log coordinates]:  1, 1') with equilibrium flow of liquid; 2, 2') with 
pulsed motion of flow (2: wA = 0.6; 2' :  0.12 c m / s e c ) ;  3, 3') with 
pulsed flow leading to the creat ion of an internal diffusion cycle 
(3: wA = 1.55 c m / s e c ;  3': c0A.= 0.33 c m / s e c :  A) with F = 1.1" 105; 
B) with F ~ O; t in min. 

where 

Bi* = kR 
Dlc -]- FD1~ 

and an are the roots  of the charac te r i s t i c  equation 

tg ~ = ~ ~. 

(15) 

Bi*--- 1 (16) 

The coefficients D* and Bi* which occur in Eq. (13) have a complex structure and reflect the kinetics 
of ion exchange. According to theory we must observe the following special features of ion exchange: 

i) The kinetics of the process are determined by the range of the change of concentration. Experi- 
mental data on the equilibrium show that the range of change of concentration of C 2 can be divided 
into two parts: a) the region F >> 1 and b) the region T = 0. 

In the first of these regions, in accordance with Eq. (Ii), D* = Da and in the second region D* = Dc. 
If the coefficients Da and D c differ considerably in magnitude, then different rates of exchange should be 
observed in accordance with the differences in the coefficients. 

2) It is well-known that Blot ' s  c r i te r ion  determines  the nature of the kinetics of the p rocess .  For  
small  values cf this c r i te r ion  the kinetics are  of external diffusion and for large  values they are  
of internal diffusion. It follows f rom Eq. (15) that in the region F >> 1, when Dla ~ 0 conditions 
are probable for which Bi < 1 and the mechanism is of external diffusion. A powerful hydrodynamic 
effect is neces sa ry  (acceleration of the flow of liquid, formation of pulsations,  mixing) [4, 5] to 
achieve an internal diffusion cycle.  In the region F ~ 0 the cycle in the major i ty  of cases  is of in- 
ternal diffusion or  re la t ively weak hydrodynamic effects are  neces sa ry  to convert  it to an internal 
diffusion cycle.  

As we shall see la ter ,  the mechanisms  l is ted here  have been confirmed by experiment.  

In o rder  to ver i fy  the theoret ical  mechanisms obtained above, a number of experiments  on the kinetics 
of ion exchange were undertaken on cationite KU-2 with solutions of Ca(NO3) 2 and Hg(NO3) 2 in the special ex-  
per imental  apparatus shown in Fig.  2. The apparatus consis ts  of a flow column 1 in which a weighed quantity 
of cationite was placed, 3. The solution f rom a p re s su r i zed  flask after  heating in the thermosta t  4 to a t em-  
pera ture  of 298~ was fed into the column by means of the pipe 5 passing through the "short"  layer  of cat ion- 
ite and entering the r ece ive r  f rom a free discharge 6. Pulsations of the liquid in the column were created 
by means of a diaphragm pulsator  7. 

Cationite KU-2 in hydrogenous form with size 0.05 < d < 0.1 cm was used as the exchanger.  The s t a r t -  
ing solutions were prepared  f rom the salts Ca(NO3) 2 and Hg(NO3) 2 at two different concentrat ions.  The f i rs t  
concentrat ions (0.000189 g. equiv. Hg++/ l i te r  and 0.0068 g .  equiv.  Ca++/l i ter)  corresponded on the equilibrium 
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Fig .  4. Dependence of r e l a t i ve  
i n c r e a s e  of m a s s  exchange coe f -  
f ic ient  on the d imens ion l e s s  c o m -  
plex wA/u:  1) for  exchange with 
m e r c u r y  ions when F = 1.1 �9 105; 
2) the s a m e ,  when F ~ 0; 3) for  
exchange with ca lc ium ions when 
F = 2.1.  103; 4) the s a m e ,  when 
F ~ 0 .  

curve  to the va lues  FHg++ = 1.1.105 and FCa++ = 2.1 �9 103 and the second concen t ra t ions  (0.0141 g.  equiv. 
H g + + / l i t e r  and 0.0254 g- equiv .  C a + + / l i t e r )  c o r r e s p o n d e d  to the value F ~ 0. 

One s e r i e s  of e x p e r i m e n t s  was c a r r i e d  out with equ i l ib r ium motion of the solut ion through the l a y e r  
of 0.104-0.416 c m / s e c ,  and the o ther  at the same  ra t e  but under  condi t ions of pu lsa t ions  appl ied  to the 
flow. The pulsa t ion  f requency  v a r i e d  f rom 0.4 to 14 Hz and the ampl i tude  va r i ed  within the l i m i t s  0.05 to 
1.25 cm.  The ion concen t ra t ions  in the out le t  solut ions were  de t e r m i ne d  for  ca lc ium by a complexnomet r i e  
method and for  m e r c u r y  by  a p h o t o e o l o r i m e t r i e  method in the case  of low concen t ra t ions  and by t i t r a t ion  
with a solut ion of NH4CNS in the region  of high concent ra t ions .  The effluent k inet ic  cu rves  obtained were  
r e c a l c u l a t e d  f rom the outcome of the r e l a t ion  (Fig. 3a) 

qlqo = [ (0. (17) 

Curves  1 and 1' c h a r a c t e r i z e  the k ine t ics  of the p r o c e s s  under  condit ions of equ i l ib r ium l iquid flow, 
when the p r o c e s s  is  l im i t ed  by ex te rna l  diffusion.  The change of hydrodynamic  envi ronment  due to the 
c r ea t i on  of low- f requency  pu lsa t ions  of the l iquid p r o m o t e s  in tens i f ica t ion  of the p r o c e s s  (curves  2 and 2').  
F u r t h e r  i n c r e a s e  of ampl i tude  of the pulsa t ion  r a t e  wA leads  to the fo rmat ion  of an in te rna l  diffusion cycle  
(curves  3 and 3 ') .  

The plot  of r e l a t ion  (17) in s emi log  coord ina te s  shows that over  the l apse  of a ce r t a in  t ime a l i n e a r  
r e l a t i on  is e s t a b l i s h e d  (Fig.  3b). This  a lso  would be expec ted  in accordance  with Eq. (13) and [3]. 

We shal l  use f i r s t  of al l  the e x p e r i m e n t a l  data  obtained in the region  F ~ 0 and a lso  with s t r o n g e r  flow 
pu l sa t ions ,  when the exchange cyc le  is  one of in te rna l  diffusion.  In this  case  D* = D c and Eq. (13) a s s u m e s  
the s i m p l e r  fo rm 

ao 

qo ~ -  exp - -  ~x2n~ - R2 �9 (18) 
n ~  1 

In the region  of no rma l  cycle  we have the foIlowing re la t ion  

D* -- R2tg aI 
n~.0.4343 (19) 

The values  of the coeff ic ients  de t e rmine d  by f o r m u l a  (19) were  found to be 0.26" 10 -5 c m 2 / s e c  for  
ca lc ium ions and 0.075" 10 -5 c m 2 / s e c  for  m e r c u r y  ions .  

Let  us r e t u r n  now to the region  F >> 1 in which the effect  of diffusion through the po re  wal l s  and, con-  
sequent ly ,  the effect  of the coeff ic ient  Da is  apparent .  

In cons ide r ing  the e x p e r i m e n t s  c a r r i e d  out under  the condit ions of the in te rna l  diffusion cycle ,  i . e . ,  at 
high va lues  of wA, it was found that  Eq. (18) and (19) r e m a i n  su i tab le  a lso  for  de te rmin ing  the coeff ic ient  
D* = Da (formula  (11)). I ts  value was found to be 0.1 �9 10 -5 c m 2 / s e c  for Ca+eand 0.003 �9 10 -5 c m 2 / s e c  for  
Hg% 

It  is  i n t e r e s t i n g  to compare  the r e s u l t s  obtained.  The ra t io  of the coeff ic ients  Dc for  Ca ++ and Hg ++ 
was found to be 3.4 whi ls t  the r a t io  of the D a coef f ic ien ts  for  the same  subs tances  was 33. I t  follows f rom 
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this ,  that the weight of the ions (1Vica = 40.08; MHg = 200.61) has  a cons iderably  s t ronge r  effect  on diffusion 
of the substance  over  the sur face  of the solid phase  than on diffusion in solution. Theore t i ca l  considera t ions  
had shown p rev ious ly ,  that the d i f fe rences  in value of the coeff icients  Dc and D a should lead to d i f ferences  
in the k ine t ics  for  the regions  F ~ 0 and F >> 1. The data in Fig.  3 shows conclus ively  that this mechan i sm 
actual ly  takes  place .  

We now de te rmine  Bi, the value of which defines the k inet ics  of the p r o c e s s .  It  follows f rom Eq. (15) 
that 

Bi = kR and B i * -  Bi 
Dlc 1 + F Da (20) 

Dc 

Thus ,  we es tab l i sh  that Bi* = 0.0012Bi and Bi* ~ 75k for  exchange with ca lc ium ions; Bi* = 0o00023Bi 
and Bi* ~ 50k for  exchange with m e r c u r y  ions. 

I t  follows f r o m  compar i son  of both expres s ions  that with one and the s ame  value of Bi the value of Bi* 
is cons iderab ly  l e s s  in the case  of Hg ++ diffusion. It  can be expected  the re fo re  that external  diffusion m a s s  
exchange is  m o r e  p robab le  for  the p r o c e s s  of Hg ++ absorpt ion  than for  Ca ++. G r e a t e r  pulsat ion effects  are  
n e c e s s a r y  for  conver t ing  this p r o c e s s  to an internal  diffusion p r o c e s s .  Expe r imen t s  conf i rm this situation. 
Thus,  for  Ca ++ exchange the in ternal  diffusion cycle is achieved when r = 1.08 c m / s e c ,  while for  Hg ++ 
exchange the cycle  is achieved when wA = 1.55 c m / s e c  for  one and the same  ra t io  of liquid flow. 

According to the r e s u l t s  of ion exchange intensif icat ion by means  of an osc i l l a to ry  p r o c e s s ,  the r e l a -  
t ive i nc rea se  of the m a s s  exchange coeff icients  can be a s s e s s e d  as 

kp/ko = Bi*/Bio (21) 

(Bi* co r r e sponds  to the absence  of pulsat ions) .  F o r  th is ,  the normal  cycle region was se lec ted ,  for  which 
the equation 

lg( I -  q--~-) = lg B~ - 0 ' 4 3 4 3 ~ q o  D*tR 2 

holds,  and the angle of slope of the s t ra igh t  line was es tab l i shed  for  the normal  cycle  a, re la ted  to ~z 1 by the 
re la t ion  

D* tg a = 0,4343~t~ - - ~ .  

Compar ing  the two processes~  the f i r s t  of which is an in ternal  diffusion p r o c e s s  (a = a B and/~l = ~) 
and the second one takes  place in the in te rmedia te  region and is  defined by the p a r a m e t e r s  a and Pi, we ob- 
tain 

y / t g a  

Values of #1 can be used  for  de te rmin ing  Bi* by Eq. (16) or  by Table  6.5 in [6]. The opera t ion m e n -  
t ioned can be c a r r i e d  out both in the p r e s e n c e  and absence  of pulsat ions .  A value of Eq. (21) was es tab l i shed  
which was c o m p a r e d  with the d imens ion less  complex  wA/u  [5] (Fig. 4). As we can see ,  the use of pulsat ion 
ef fec ts  also in the case  of ion exchange is an effect ive means  of intensifying externa l  m a s s  exchange.  

Bi 

Jc, Ja 
Wca ,  Wa c 

Dic, Dla 
m 

Dc = D l c / m ;  
Da = D l a / m ;  
c o and Ca0 
Ca, Cap 

NOTATION 

is the Blot criterion; 
are the ion flow densities in the liquid and absorption phases; 
are the specific strengths of sources and sinks of substances associated with interphase 
transfers; 
are the coefficients of mass conductivity in the liquid and absorption phases; 
is the porosity of exchanger; 

are the initial concentrations of ions inside the pores and at the surface of the exchanger; 
are the ion concentrations on the exchanger at a given time t and under equilibrium condi- 
tions; 
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q, q0 

ci 
c I 
C2s 
n 

F 
R 
d = 2R; 

k 
ko 
A 
U 

X, y,  Z 

a r e  the m a s s e s  of subs tance  absorbed  by the exchanger  re la t ive  to the given t ime t and under  
equi l ibr ium conditions; 
is the initial  concentra t ion of or iginal  solution; 
i s  the concentra t ion of abso rbed  ions outside a granule of exchanger ;  
is the ion concentra t ion  at the outer  su r face  of a granule of exchanger ;  
is  the no rma l  to the su r face  of the granule;  
is  the ave rage  slope of the equi l ibr ium i s o t h e r m  in a given range  of concentrat ion;  
is the radius  of a pa r t i c l e  of exchanger ;  

is  the angle of slope of s t ra igh t  line for  the no rma l  cycle ,  in semi log  coordinates ;  
is  the m a s s  exchange coefficient;  
is  the m a s s  exchange coeff icient  with equi l ibr ium flow of liquid pulsat ion frequency;  
is the ampli tude;  
is  the l inea r  flow ra te ;  
a r e  the coord ina tes .  

S u b s c r i p t s  

s denotes the su r face  of exchanger  granule;  
I denotes  the in ternal  diffusion p r o c e s s ;  
p denotes the pulsed p r o c e s s .  
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